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HEAT TRANSFER A T  A WEDGE IN A HYPERSONIC LOW-DENSITY GAS STREAM 

Yu. A. Koshmarov  

Zhurnal  Pr ik ladnoi  Mekhaniki i Tekhnicheskoi  Fiz iki ,  No. 

Results are presented of an approximate analysis of steady heat trans- 
fer on a sharp thin (sin ~ ,-~ 0 < 1) strongly cooled (t w << 1) wedge, 
washed by a hypersonic (M >; 1) gas stream at zero angle of attack 
under almost free-molecule conditions. Dimensionless parameters on 
which the heat transfer depends have been established; approximate 
formulas for estimation purposes are given. 
The present analysis is not a rigorous quantitative theory and its results 
should be regarded only as estimates; its conclusions may be useful 
for experimental planning and for generalization of test data. The 
method used here is analogous to that applied in [1] in analyzing flow 
over a flat plate. 

1. Init ial  s t a t emen t  and assumpt ions .  The d i s c u s -  
sion is based  on a coordinate  sys tem tied to the wedge 
(see f igure) .  Because  the flow is s y m m e t r i c a l  r e l a t i v e  to 

the plane b i sec t ing  the wedge v e r t e x  angle,  only the up-  
pe r  half  is examined.  Fo r  b r e v i t y t h e  m o l e c u l e s  of the 
undis turbed flow a re  des ignated  O - m o l e c u l e s  below. 

'7/~' V(OWI 
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Those leaving the wedge su r face  {reflected) without 
co l l i s ion  with m o l e c u l e s  of o ther  types,  a r e  ca l led  
W - m o l e c u l e s .  As a r e su l t  of co l l i s ions ,  O -  and 
W - m o l e c u l e s  fo rm OW-molecu les .  When O W - m o l e -  

cules  col l ide  with O - a n d  W - m o l e c u l e s ,  secondary  
co l l i s ion  molecu le s  are  formed.  The examinat ion is 
l imi ted  to condit ions where  secondary  col l i s ion  m o l e -  
cu les  have a sma l l  probabi l i ty  of s t r ik ing the wedge, 
i. e . ,  heat  t r a n s f e r  is studied in the flow r e g i m e  when 
we need cons ide r  only the f i r s t  co l l i s ions  of incoming 

and r e f l ec t ed  molecu les .  
it is a s sumed  that the W-molecu l e s  fo rm a mono-  

kinet ic  group, d i r ec ted  n o r m a l  to the wedge sur face ,  
the veloci ty  V(W) of the group being de t e rmined  by 
the t e m p e r a t u r e  of the wedge sur face  and c o r r e s p o n -  
ding to the condition of total  accommodat ion  of m o l e -  
cules  s t r ik ing  the wedge. This assumpt ion may be 
r ega rded  as a crude schemat i za t ion  of diffuse r e f l e c -  
tion, accord ing  to which the ma jo r i ty  of r e f l ec t ed  
molecu le s  leave the sur face  a l m o s t  no rma l ly  (in con-  
fo rmi ty  with the cos ine  law). The assumpt ion  of total  
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accommodat ion  wil l  evident ly  be sa t i s f ied  in many 
cases  of p rac t i ca l  in te res t .  If n e c e s s a r y ,  however ,  
par t ia l  accommoda t ion  may be al lowed for approx i -  
mate ly  by spec ia l  designat ion of the veloci ty  of the 

W-molecu le s .  
In the ca lcula t ion  of i n t e r m o l e c u l a r  co l l i s ions ,  

the assumpt ion  is made that the gas molecu le s  are  
pe r fec t ly  smooth e las t i c  spheres  of ident ical  mass .  
The m o l e c u l a r  ve loc i t i e s  af ter  co l l i s ion  a r e  d e t e r -  
mined  by the laws of co l l i s ion  of e l a s t i c  spheres  [2]. 

Moreove r ,  because  o f  the inequali ty t w << 1 and M >> 
>> 1, it is a s sumed ,  in ca lcula t ing  the probable v e l o -  

c i t i es  of OW-molecu les ,  that the W - m o l e c u l e s  a re  at 
r e s t ,  while the O - m o l e c u l e s  move with the veloci ty  

of the undis turbed s t r e a m ,  V. In that case  the OW- 
molecu les  a re  d i s p e r s e d  f rom some a r b i t r a r y  point 
in conformi ty  with the cosine law for the ve loc i ty  
values .  The ends of the OW-molecule  probable v e -  
loci ty  vec to r s  V(OW), d r a w n f r o m  the point examined  in 

space ,  f o r m  a sphe r i ca l  su r face  (see figure}. One group 

of the OW-molecu les  fo rmed  c lose  to the wedge s u r -  
face is d i r ec t ed  towards the wedge (figure ; shaded par t  
of vec to r  diagram}, while the other  t r ave l s  into space 
away f rom the wedge. In de te rmin ing  the energy  c a r -  
r i ed  to the wedge sur face  by OW-molecu les ,  the 
ave rage  kinet ic  c h a r a c t e r i s t i c s  of molecu les  d i r ec ted  
towards the wedge are  used. Averag ing  reduces  to 
rep lac ing  the flux of OW-molecu les  d i r ec t ed  toward 
the wedge from the point in quest ion by a monokinet ic  

beam or ray,  in which the ve loc i ty  of the molecu les  
is equal to the mean square  of the probable  ve loc i t i e s  
d i r ec ted  towards the wedge. The molecu le s  of this 
beam are  ca l led  A - m o l e c u l e s  below. F r o m  the g e o -  
me t ry ,  and the condit ion that any of the OW-molecule  
ve loc i t i e s  shown on the vec to r  d i ag ram {figure a) is 
equally probable,  we may ca lcula te  the f rac t ion  of the 
total number  of OW-molecu les  fo rmed  at the point 
examined  r ep re sen t i ng  A - m o l e c u l e s  (67; the veloci ty  
(V{A)) of the A - m o l e c u l e s ;  the angle between the 
normal  drawn f rom the point examined to the wedge 
sur face  and the d i rec t ion  of ve loc i ty  V(A) (angle ~) 

1 
6~-(I+ 0), V(A)_~--~-~V I+ , ~ .  (1.1) 

Here 0 is the hal f -angle  at the wedge ver tex .  In 
der iv ing  (1.1) we used the condition that 0 is sma l l  
(enabling us to neg lec t  t e r m s  of o rde r  02 in c o m -  
par i son  with t e r m s  of o rde r  unity}. 

The number  of co l l i s ions  of O- and W-molecu l e s  
has been de t e rmined  by introducing a mean f ree  path 
for W-molecu le s .  The beam of W-molecu l e s  becomes  
at tenuated with i nc rea sed  dis tance  f rom the wedge 
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sur face  due to co l l i s ions  of W-molecu l e s  with S-  
molecu les  ex is t ing  in the space above the wedge. 
Under  the condit ions examined  there  is a f inite 
n u m b e r  of groups  in the space above the wedge into 
which the S -molecu les  may be divided; they are  
mainly O-molecules and OW-molecules. The mean 

free path of W-molecules in an atmosphere of S- 

molecules is determined from the formula [3] 

(W) = V (W)/~ (S) 17 (ws) v (ws). (1.2) 

Here co (S) is the number of S-molecules in unit 

volume; V (WS 7 is the mean relative velocity of W- 

and S-molecules before collision; F (WS) is the cross 

section for collisions of W- and S-molecules. In the 

first approximation the number density of S-mole- 

cules may be assumed constant and equal to that in 

the undisturbed stream, while the relative velocity 

V (WS) ~ V. If it is assumed that the cross section 
does not depend on the relative velocity of the col- 

liding molecules, then, taking account of the above 

remarks, it follows from (1.2) that 

~1/2 (1.3) (W) ~..~ . 

If it assumed that the collision cross section is 

inversely proportional to the relative velocity of the 

colliding molecules [4], it follows from (1.27 that 

~ ( W ) ~ t ~ ' M  (t~,= T w / T o  ) . (1.4) 

Here T w is the t e m p e r a t u r e  of the wedge sur face  
( identical  everywhere) ;  T o is the adiabat ic  s tagnat ion  
t e m p e r a t u r e  of t he  s t r e am;  h is the mean  f ree  path 
of molecu les  in the und i s tu rbed  s t r e am;  and M is the 
Mach n u m b e r  of the und i s tu rbed  s t r e am.  The n u m b e r  
of W-molecu l e s  knocked out of the monokinet ie  beam 
through co l l i s ions ,  at an a r b i t r a r y  point above the 
wedge sur face ,  may be exp re s sed  in t e r m s  of k(W) 
as follows [3] : 

,~ (w) y (1.5) Q (W) = ~ ) e x p  ~,(W) �9 

Here Q (W) is the n u m b e r  of molecu les  knocked 
out f rom the W-group  (i. e . ,  the n u m b e r  of. co l l i s ions  
in uni t  t ime  and uni t  volume);  n(W) is the n u m b e r  
of W-molecu l e s  leaving  in uni t  t i lne  f rom uni t  s u r -  
face of the wedge at the point x. 

In conformi ty  with the in i t i a l  condi t ions ,  it is a s -  
sumed that  the A - m o l e c u l e s  do not coll ide with m o l e -  
cules  of other groups.  

In ca lcu la t ing  the n u m b e r  of O-molecu les  r each ing  
the wedge su r face ,  use was made of the method of 
f ic t i t ious  angle of a t tack [5]. The f ic t i t ious  angle of 
a t tack Of is unders tood  to be the angle at which the 
flux of O-molecu le s  with veloci ty V d i rec ted  f rom t h e  
und i s tu rbed  reg ion  to the a r ea  of the wedge under  
examina t ion ,  without taking t h e r m a l  ve loci t ies  into 
account ,  will  be equal to the flux to this a r ea  in 
f r e e - m o l e c u l a r  flow, al lowing for the t h e r m a l  ve lo -  
c i t ies  of the O-molecu les  

sin Ot = 

1 exp ( - -  I/~ M z sin~ 0)'1 . . . .  
-s inO ~ - ( i + e r f V h / ~ M s i n O ) +  ~--'~MsinO ~.(.t.t)) 

2. Number  of O- and OW-molecu les  inc ident  on 
the wedge. Examina t ion  of the O-molecu le  ba lance  
in the volume e l e me n t  (1 x d~) in the ray  ~, d i rec ted  
at angle ~. to an a r b i t r a r y  e l e me n t  of a rea  (1 • dx) 
on the we~tge sur face  (figure b ) l e a ds  to the equat ion 

~o~ (o) 
v - ~ -  ~ -  q(w).  (2.1) 

Here co(O) is the n u m b e r  of O-molecu les  in uni t  
volume.  In cons t i tu t ing  the ba lance  it is a s sumed ,  in 
accordance  with the s t a t emen t  of the p rob lem,  that 
co l l i s ions  above the wedge sur face  are  ma in ly  those 
of O- and W-molecu le s .  

Calcula t ion  of the n u m b e r  of O-molecu les  inc ident  
on a r e a  (1 x dx) reduces  to in tegra t ion  of (2.1). The 
quant i ty  n(W) en te r ing  into Q(W) is an unknown func-  
tion of ~. As a good enough f i r s t  approx imat ion  when 
ca lcu la t ing  the n u m b e r  of O-molecu les  reach ing  a rea  
(1 x dx), we may a s s u m e  for the condit ions in q u e s -  
t ion that n(W) is equal  to the value oc c u r r i ng  in f r e e -  
mo l e c u l a r  flow [1]. This  a s sumpt ion  is also used in 
ca lcula t ing  the n u m b e r  of OW-molecules  inc ident  on 
the a r ea  (1 x dx) (see below). F r o m  this a s sumpt ion  
and the condi t ion that  d~ = - @ / s i n  9 '  it follows 
f rom (2.17 that  

o 
/~(0) = i +  ~exp( -~)d~=exp( -u tg0 i )  , 

x y 
a=X(-W)' ~-- ~,(W)' ~0=atg0/ .  

(2,2) 

Here n m is the number of molecules incident on 

unit area of the wedge in unit time in free-molecular 

flow; n(O) is the number of O-molecules incident 

on unit area of the wedge at point x in unit time. Ex- 

amination of the A-molecule balance in the volume 

element (i x d~l) in the ray ~I directed at angle q) to 
the area (1 x dx) on the wedge surface (figurea) leads 

to the equation 

~,.,oco(A) 
(a) ~ = 2Q (w) 5 .  (2.3) 

Here co(A) is the n u m b e r  dens i ty  of A - m o l e c u l e s ;  
2Q(W) is the total  n u m b e r  of O-molecu les  formed in 
uni t  volume n e a r  the point in space being examined  
(the n u m b e r  of OW-molecules  c rea ted  is equal  to the 
n u m b e r  of co l l i s ions  of O- and W-molecu les ) .  Taking 
(1.1) into account ,  we have f rom (2.3) 

n( : )  ~ (t + O) [i -- exp (-- c*)] . (2.4) 

Here n (A) is the n u m b e r  of OW-molecu les  i nc i -  
dent  on uni t  a r ea  of the wedge. The n u m b e r  of W-  
molecu les  leaving uni t  a r e a  of the wedge at the point 
x may now be de t e rmined  f rom the condit ion 

n (W) = n (0) + n ( t ) .  (2.5) 

The value ofn(W) found in this way may be used 
in seeking the second approx imat ion  for n(O) and n(A). 
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3. Heat t r a n s f e r  to the wedge. The heat  flux is de -  
t e r m i n e d  as the d i f ference  between the energy  supplied 
by the O- and A - m o l e c u l e s  and the energy  r emoved  
by the W-molecu le s .  The energy  of  monatomic  m o l e -  
cules  is the kinet ic  energy  of the i r  t r an s l a t i on a l  m o -  
tion. If the molecu les  a re  d ia tomic ,  account  m u s t  in 
gene ra l  be taken of the in t e rna l  energy  of the m o l e -  
cules .  For  the condit ions examined (M >> 1; t w << 1) 
the i n t e rna l  energy  of the molecu les ,  as well  as the 
k ine t ic  ene rgy  of t r a n s l a t i o n a l  mot ion  of the W - m o l e -  
cules ,  is negl ig ib ly  sma l l  in compar i son  with the 
kinet ic  ene rg ie s  of the O- and A-molecu les .  Taking 
this into account,  and also (1.1), (2.2), (2.4) for sma l l  

and Z (the p r e s e n t  theory is val id when ~ and Z a re  
smal l ) ,  we obtain the following approximate  fo rmulas :  

qx i [ 20 
- - , ~ , + ~ -  \ i+O+~- - -2 tgO/ )a ,  
qm 

~ = t + ~ - i ~ + o  + -2tgo~ z q m  ~ 

i z z 

o 

(3.1) 

Here,  and subsequent ly ,  qm is the specific heat  
flux in f r e e - m o l e c u l a r  flow; qx is the local  specif ic  
heat  flux; l is the length of the gene ra to r  of the wedge. 
When M0 >> 1, it follows f rom (3.1), al lowing for (1.6) 
that  

1 ~q  ,~ i (3.2) 
- -  + ~ - - -  o) z .  
qm qm 

When M0 <<1, f rom (3.1), al lowing for (1.6) and 
the condi t ion that 0 and 2~/~r a re  much less  than the 
quant i ty  1 /M (which follows f rom the inequal i ty  M0 << 
<< 1), we der ive  the fo rmulas  

Determination of the mean free path of W-mole- 
cules according to (1.3) and (1.4), respectively, gives 

a - - M t 2 5 5 ~ % t % ,  Z =  ~ / , t . 2 5 - ~ , [ y ~ t ~ . - - \  2 / \ T  w /  K '  
. . . . . .  -~ (3.4) 

a = 2 % % , Z - -  = ~ -  ' 
M t.255"1" t w Mai'255~%tY'- -w 

( % pzv, R =P~ -~-) = ~ ,  R = - -  K = (3 .5 )  
1~ x 1~ , �9 

Here p, T, p are ,  r e spec t ive ly ,  densi ty,  t he r mody-  
namic  t e m p e r a t u r e ,  and v i scos i ty  of the gas in the 
und i s tu rbed  s t r e am;  Cp and c v a re  the i sobar ic  and 
i sochro ic  specif ic  heats .  In conclus ion,  it  should be 
noted that:  a) the heat  fluxes in n e a r  f r e e - m o l e c u l a r  
hyperson ic  flow over  a wedge may not iceably  exceed 

the values  following f rom f r e e - m o l e c u l a r  flow theory 
(formulas  (3.1)-(3.3)).  When M0 << 1, this effect  d i -  
min i shes  with i n c r e a s e  of 0 (formula (3.2)), and when 

M0 << 1 it d imin i shes  with dec rea s ing  M (formula 
(3.3)); b) the values  of the local  and average  Stanton 
n u m b e r s  in n e a r  f r e e - m o l e c u l a r  flow depend, r e s p e c -  
t ively,  on a and Z (formulas (3.1)-(3.3)),  and, in ad -  
di t ion,  when M0 >> 1, on 0 (see (3,2)), and when M0 << 
<< 1, on M (formula (3.3)). 

The r e su l t s  of the p r e se n t  ana lys i s  agree  with the 
predic t ions  made in [4]. It is i n t e res t ing  to compare  
the second fo rmula  in (3.3), valid in the spec ia l  case 
M0 = 0, with the results of [5], in which a study was 
made in a more strict formulation of the heat trans- 
fer on a circular plate under conditions similar to 

those examined here, yielding the formula 

(3.6) 

ff the molecule  co l l i s ion  c ros s  sect ion is c o n s i -  
dered  cons tan t  and 7 = 1.4, (3.3) takes the form 

q M /  T \ % F  / 2 \ %  I G  - - = t + o , l , g ( ~ )  [ ' - l ~ )  ~J- (3.7) 
qra 

For  very  large M the second t e rm in the square  
b racke t s  in (3.7) may be neglected,  when an e x p r e s -  
s ion ident ical  with (3.6) is obtained. A ce r t a in  d i f -  
fe rence  in n u m e r i c a l  coeff icients  between (3.6) and 
(3.7) may be explained by inaccurac ie s  due to the 
assumpt ions  made,  as well  as to the fact that a 
c i r c u l a r  plate was examined  in [5], while here  we 
have a plate of infinite extent. The conclus ions  of 
the p r e se n t  work a re  conf i rmed qual i ta t ive ly  by r e -  
sul ts  of expe r imen ta l  inves t igat ions  [6]. (The data of 
[6] were obtained at sma l l  values  of the t e m p e r a t u r e  
factor  t w = 0 .5 -0 .8 ,  and may there fore  be admit ted 
here  only to ver i fy  the qual i ta t ive  conclusions) .  

REFERENCES 

i. A. F. Charwat, Molecular Flow Study of the 

Hypersonic sharp Leading Edge Interaction. Rare- 

field Gas Dynamics. Proceeding of the second In- 

ternational Symposium on Rarefied Gas Dynamics 
(ed. by L. Talbot), New York-London, p. 553-573, 
1961. 

2. G. N. Patterson, Molecular Flow of Gases 

[Russian translation], Fizmatgiz, 1966. 

3. E. H. Kennard, Kinetic theory of gases, 

McGraw-Hill, New York, 1938. 
4. M. N. Kogan, "Hypersonic low-density gas 

flow,"PMM, vol. 26, no. 3, 1962. 

5. V. A. Perepukhov, "Flow over a flat plate at 

zero angle of attack in a very low-density gas stream," 

Zh. vychisl, matem, i matem, fiz., vol. 3, no. 3, 
1963. 

6. Yu. A. Koshmarov and N. M. Gorskaya, "Heat 

transfer at a plate in a supersonic low-density gas 

stream," Inzh. zh., vol. 5, no. 2, 1965. 

10 June 1965 Moscow 


